Coherent continuous wave (CW) terahertz spectroscopy is an extremely valuable technique that allows for the interrogation of systems that exhibit narrow resonances in the terahertz (THz) frequency range, such as high-quality (high-Q) THz whispering-gallery mode resonators. Unfortunately, common implementations are dramatically impaired by deficiencies in the used data analysis schemes. Here, we show that the physics of the problem presents an elegant solution whose full potential has remained overlooked until now. We argue that, thanks to the causality of physical systems, Hilbert transformation can be used to analyze the frequency response of linear systems with arbitrarily narrow resonance features in coherent CW THz spectroscopy. In particular, by establishing that signals encountered in typical experiments are closely related to analytic signals, we demonstrate that Hilbert transformation is applicable even when the envelope varies rapidly compared to the oscillation period.
Hilbert transformation provides a compelling tool to retrieve the instantaneous amplitude (envelope) and phase of an oscillating signal [1] . However, common wisdom asserts that the transformation is only applicable to signals with a slowly varying envelope compared to the oscillation period [2] . The prerequisite of a slowly varying envelope thus seemingly precludes the desirable application of the Hilbert transformation to generic narrow resonant features modulated on an oscillating signal. Such applications arise, for example, in coherent CW THz spectroscopy of gases or artificial high-Q structures [3] [4] [5] .
Coherent CW THz spectroscopy is an extremely powerful technique that can yield a wealth of information hidden from traditional methods, and has revolutionized fields like sensing and material characterization [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . In particular, CW THz spectroscopy -as opposed to timedomain THz spectroscopy -provides the advantage of compact, cost effective systems with superior frequency resolution [16] . The signal measured by these systems is a photocurrent that exhibits sinusoidal oscillation with frequency: the desired spectral information is extracted by numerically retrieving the envelope and phase of the signal. Traditionally, this has been achieved by cumbersomely inspecting the extrema of the oscillating signal, leading to an effective frequency resolution that is usually one or two orders of magnitude lower than the actual frequency step size of the acquired signal [17] . Recent works have shown that this issue -which is severely impacting the capabilities of CW THz spectroscopy -can be overcome by taking advantage of the Hilbert transformation [2, 17, 18] . However, in compliance with common wisdom, it has been pointed out that Hilbert transformation is limited to CW THz spectroscopy of systems with broad resonance features compared to the oscillation period of the measured signal [2] .
In this Letter, we show that this presumed limitation is in fact incorrect, and we establish for the first time a universal, comprehensive foundation for the applicability of Hilbert transformation for CW THz spectroscopy. Our analysis reveals that the coherent signal interrogated in the frequency domain experiments is analytic, i.e. its real and complex parts are related via Hilbert transformation. Consequently, applying the Hilbert transformation to the measured signal, which is directly proportional to the real part of the analytic signal, provides the complete information about the frequency response of the investigated system. We experimentally and numerically demonstrate this concept for three THz systems where narrow resonances manifest themselves: whispering-gallery mode resonators (WGMRs), a photonic crystal cavity waveguide (PCCW) [19] [20] [21] , and a planar split-ring resonator (SRR) metamaterial [22] [23] [24] [25] . For each of these systems -which correspond to active research areas in their own right -we show that the Hilbert transformation allows for the analysis of resonance features regardless of whether they vary slowly with respect to the oscillating signal or not. We expect our findings to significantly enhance the capabilities of CW THz spectroscopy.
We consider a situation where a THz field E in (t) interacts with a linear system described by a time response function S(t). The output field is given in the frequency domain by the expression:
whereẼ out (ω) = F[E out (t)] is the Fourier transform of E out (t) (similar notation applies to the other two variables). For physical systems, the time response E out (t) is causal. Accordingly, the frequency responseẼ out (ω) is an analytic signal [26] . This implies that the real and imaginary parts ofẼ out (ω) are linked via the Hilbert transformation H [27] :
In typical coherent CW THz spectroscopy experi- (1) then yields the complete frequencydomain response functionS(ω), which contains all the spectroscopic information of the system. As all physical systems are causal, these arguments hold regardless of the specific form of the transfer functionS(ω) orẼ in (ω). Consequently, Hilbert transformation can be used to characterize the frequency response of any physical linear system with coherent CW spectroscopy, especially for the desirable case of resonance features arbitrarily narrow compared to the oscillation period of the interrogated signal.
To exemplify the strength of the Hilbert transformation approach, we next consider three illustrative examples. First, we focus on THz WGMRs, which show unprecedented Q-factors and provide exciting opportunities for the THz frequency range [4, [28] [29] [30] [31] . Here the THz field E in (t) is coupled into a WGMR using the evanescent field of a single-mode waveguide. The frequency response of this system is known, and it can be written as [32] :Ẽ
where δ 0 and δ c are the intrinsic loss rate and the coupling rate, respectively, and ω 0 = 2πf 0 is the (angular) resonance frequency. Like for all CW THz spectroscopy experiments,Ẽ in (ω) reads:
Here, c is the speed of light, E 0 is the THz field amplitude, and ∆L is the optical path difference between the emitter and detector arms of the spectrometer including the THz path [33] . We consider a critically-coupled WGMR similar to the experiments that will follow, with f 0 = 618.147 GHz and a Q-factor of 1.5 × 10 4 (δ 0 = δ c = 65 MHz). The analytical photocurrent [real part of Eq. (3)] shown in Fig.  1(a) is an oscillating function with ω, onto which the resonance feature is imprinted. Because common wisdom has it that Hilbert transformation is only applicable to oscillating signals with a slowly varying envelope compared to the underlying period, one might expect that Hilbert transformation is only valid if the photocurrent oscillates much faster than the width of the resonance feature [2] . This is incorrect: because the measured photocurrent is the real part of an analytical signal, applying the Hilbert transformation allows to retrieve the full spectroscopic information. The fact that the photocurrent is the real part of an analytical signal can be readily verified by establishing the causality of the corresponding time response E out (t) = F −1 {Ẽ out (ω)}, which is explicitly given by:
Here, δ(τ ) is the Dirac delta function, Θ(τ ) is the Heaviside step function, and τ = t−t c with t c = ∆L/c. A typical time response is visualized in Fig. 1(b) , where we plot |E out (τ )| for our resonator parameters (Dirac impulse removed for clarity). Equation (5) is also commonly known as the ring-down signal of the WGM [34] . In Figs. 1(c) and (d), we respectively compare the envelopes and phases ofS(ω) obtained from the analytical model based on Eq. (3) and the Hilbert transformation applied to the photocurrent. As expected, the calculated envelopes and phases are identical, highlighting how the Hilbert transformation approach indeed allows for the full reconstruction of the system's frequency response. We must emphasize that the amplitude fullwidth half-maximum (FWHM) of the WGM (24 MHz) is about ten times smaller compared to the 250 MHz oscillation period of the photocurrent, underlining the fact that Hilbert transformation can readily be used to analyze THz WGMs much narrower compared to the oscillation period.
For further demonstration, Fig. 2(a) shows the real part of Eq. (3) (blue solid line) for the same THz WGM at critical coupling but with a 100 times larger oscillation period (25 GHz) . The ratio of the corresponding envelopes calculated with the Hilbert transformation and from the analytical model is unity [see Fig. 2(b) ]. The amplitude FWHM of the resonance is more than a thousand times smaller compared to the photocurrent oscillation period, yet the Hilbert transformation allows for the full recovery of the frequency response. Of course, numerically the Hilbert transformation works best when a sufficiently large integer number of oscillations of the photocurrent are analyzed. We now show that the Hilbert transformation approach can be applied to experimental data. The system under study is a spherical WGMR with a diameter of 4 mm made of high-resistivity float-zone grown silicon (HRFZ-Si) [29] . The THz WGMs are excited using the evanescent field of a single-mode air-silica step index waveguide. The measurements are performed with a standard CW THz spectroscopy setup based on heterodyne detection (Toptica TeraScan 1550 nm) [35] . The experimental setup is described in detail in a previous publication [4] .
The measured photocurrent is shown in Fig. 3(a) in the frequency range from 617.5 GHz to 618.5 GHz with black dots. The red solid line shows the fit of the real part of Eq. (3) to the experimental data. Similar to the numerical example above, we apply the Hilbert transformation on the experimentally measured photocurrent to reconstruct the analytic signalẼ out (ω). From this, we can fully reconstruct the frequency response functioñ S(ω) of the system. In Figs. 3(b) and 3(c) , we compare the envelope and phase of the frequency response function with corresponding profiles obtained from a fit of the experimental data on the real part of Eq. (3). The agreement is excellent, revealing the amplitude linewidth of the WGM to be 25 MHz. Figure 3(d) shows corresponding comparison of the time response (obtained by inverse Fourier transforming the experimentally reconstructed analytic signal), and again we see outstanding agreement. In particular, it is remarkable that the detection scheme in the CW THZ spectroscopy experiment and experimental imperfections do not impact the interrogated signal of the system according to Eq. (3). We must note that, in general, standing waves present in the setup, a frequency-dependent performance of the employed THz emitter/detector, and a frequency-dependent optical path length L (oscillation frequency), render fitting of the photocurrent with an analytical model impractical as well as inaccurate. The Hilbert transformation is unaffected by such issues, and therefore offers a superior method in general compared to analytical fitting. Furthermore, using Hilbert transformation, any deviations are readily eliminated by evaluating the frequency response of an investigated sample compared to the frequency response of an appropriate reference scan, as is common for THz spectroscopy. The WGMR example considered above is a special case for which the functional form of the frequency response is known [cf. Eq. (3)]. To highlight the versatility of the Hilbert transformation approach, we now consider two scenarios where the functional form of the frequency response functionS(ω) is not known. Specifically, we use COMSOL Multiphysics R to numerically extract the complex frequency response of a photonic crystal waveguide and a split-ring resonator metamaterial, and subsequently generate mock photocurrent data by multiplying the appropriate simulated frequency response function with Eq. (4). For demonstration purposes, the oscillation period of the photocurrent has been chosen to be significantly higher than the FWHM of the resonances.
We first consider a PCCW [36] implemented as a single-mode silicon waveguide with a periodic sequence of eight air holes along the direction of propagation. For simplicity, silicon with a refractive index of 3.416 is assumed to be lossless [29] . Figure 4(b) shows the gener- ated mock photocurrent of the PCCW, using the simulated frequency response function. We can clearly observe a resonant cavity mode at a frequency of about 370 GHz. The oscillation period of the photocurrent was here chosen to be 3 GHz, which is about six times larger than the amplitude FWHM of the resonant cavity mode. As shown in Fig. 4(c) , the time response E out (t) is a causal signal. Accordingly, applying the Hilbert transformation on the mock photocurrent allows for the full reconstruction of the time [ Fig. 4 Finally, we apply the same numerical procedure to a planar SRR in a periodic array. The metamaterial is designed to operate as a narrow bandpass filter at 460 GHz. A unit cell of the metamaterial is modeled using periodic boundary conditions. The SRR is patterned in a sheet of perfect electric conductor (PEC) on top of a lossless 20 µm thick PTFE sheet. The spatial profile of a resonant mode at 460 GHz is shown in Fig. 5(a) .
The mock photocurrent with an oscillation period of 215 GHz, which corresponds to about nine times the amplitude FWHM of the resonant mode is shown in Fig.  5(b) . Please note that the mock photocurrent is generated assuming a reflection measurement, and not transmission as for the PCCW above. The envelopes of the time responses obtained from the simulated frequency response and from the Hilbert transformation applied to the mock photocurrent are shown in Fig. 5(c) , confirming the causality of the system. Again, a perfect agreement between the envelope [ Fig. 5(d) ] and instantaneous phase [ Fig. 5(e) ] extracted with Hilbert transformation (black circles) and the absolute value of the simulated frequency response function (red solid line) is observed. Interestingly, a very similar envelope and phase profiles have been previously experimentally observed for more sophisticated split ring resonators [22, 23, 37] .
We have shown that, in the context of coherent CW THz spectroscopy, Hilbert transformation enables full frequency response analysis of physical linear systems regardless of the widths of the resonance features un-der study. This observation appears to be in contrast to the general conception that the Hilbert transformation is only applicable to signals with a slowly varying envelope compared to the underlying oscillation period. However, because the photocurrent measured in typical CW THz spectroscopy experiments is the real part of an analytical signal, Hilbert transformation is applicable regardless of the oscillation period and the specific modulation of the photocurrent. Ultimately, our results show that the unrestricted applicability of the Hilbert transformation ensues from the causality of the investigated linear systems. The presented results provide extremely powerful tools for CW THz spectroscopy, in particular for systems with narrow resonance features. More generally, our work highlights how concepts from linear systems' theory and complex functions can enable breakthrough advances in contemporary technologies.
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